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The Jahn-Teller problems of C60 anions involving t1g next lowest unoccupied molecular orbital (NLUMO)
were theoretically investigated. The orbital vibronic coupling parameters for the t1g orbitals were derived
from the Kohn-Sham orbital levels with hybrid B3LYP functional by the frozen phonon approach. With
the use of these coupling parameters, the vibronic states of the first excited C−60 were calculated, and were
analyzed. The dynamical Jahn-Teller stabilization energy of the first excited C−60 is stronger than that of the
ground electronic states, resulting in two times larger splitting of vibronic levels than those of the ground
state C−60. The present coupling parameters prompt us to understand more about the excited C60.
I. INTRODUCTION
Highly symmetric C60 exhibits complex Jahn-Teller
dynamics characterized by orbital-vibration entangle-
ment in various charged and excited states1–3. Among
these states, negatively charged C60 is one of the most
interesting cases because it often serves as a building
brick of materials4–10. In order to comprehend thor-
oughly the role of the building brick, many properties of
negatively charged C60 should be understood clearly, es-
pecially about JT effect involved properties. Though JT
effect, including dynamic JT effect, of C60 anions have
been intensively investigated11–34, it is only last years
that the actual situation in the ground electronic states
of Cn−60 molecule (n = 1 − 5) has been established with
accurate coupling parameters, which showed the impor-
tance of dynamic JT effect32,33.
So far, the works about the dynamic JT effect in nega-
tively charged C60 have been almost always in the ground
electronic configuration populating only the lowest un-
occupied molecular orbitals, which is the t1u orbital.
However, to our knowledge, neither the vibronic cou-
pling parameters for excited electronic configuration, say
t1g next lowest unoccupied molecular orbial (NLUMO),
nor the relevant JT effect has been theoretically inves-
tigated much. While it is believed that the nature of
excited C60 anions involving the next lowest unoccupied
molecular orbital is of fundamental importance to inter-
pret absorption spectra of isolated C−60
22,28,35–41, electron
transfer process of fullerene42,43, and excitation spectra
of alkali-doped fullerides44–46, and the JT effect involving
the NLUMO must be significant in highly alkali doped44
and alkali-earth/rare-earth doped fullerides47–53. Fur-
thermore, it might also be important54 in recently re-
ported light induced superconductivity of alkali-doped
fullerides55,56. Recently, bound excited states of C−60 have
been theoretically investigated57–61, and the stability of
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the first excited 2T1g states of C
−
60 has been confirmed,
nevertheless, the vibronic problem has not been investi-
gated.
In this work, we address the dynamical JT effect of
first excited C−60 anion populating the t1g NLUMO. The
vibronic coupling parameters are derived from the data
obtained by density functional theory (DFT) calculations
with hybrid B3LYP exchange-correlation functional. Us-
ing these coupling parameters, the vibronic states are
obtained by numerically diagonalizing the dynamical JT
Hamiltonian matrix, and are analyzed.
II. JAHN-TELLER EFFECT
A. Model Hamiltonian
The t1g next LUMO of neutral C60 with Ih symmetry
is triply degenerate and separated from the other orbital
levels1. According to the selection rule, the t1g orbitals
couple to totally symmetric ag and five-fold degenerate
hg representation as in the case of t1u orbitals
62:
[t1g ⊗ t1g] = ag ⊕ hg. (1)
In this work, we take the equilibrium structure of C60
as the reference. Therefore, besides the hg modes, the
vibronic couplings to the ag modes are nonzero. The
linear vibronic Hamiltonian of C−60 in the first excited
electronic (t11g) configuration resembles to that for the
ground t11u electronic configuration
1,11,16,63:
H = Ha +Hh, (2)
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2Here, qΓγ and pΓγ (γ = θ, ǫ, ξ, η, ζ for Γ = h) are mass-
weighted normal coordinates and conjugate momenta, re-
spectively, ωΓ is frequency, and VΓ the vibronic coupling
parameters. The basis of the marix is in the order of
|T1gx〉, |T1gy〉, |T1gz〉. The representation for normal co-
ordinates and conjugate momenta possess the symmetry
of real d-type ((2z2 − x2 − y2)/√6, (x2 − y2)/√2, √2yz,√
2zx,
√
2xy), as they are in consistent with the original
and most used representation1,11,12,63? . The bases are
different from those (Q) of some previous work14. The
relation between them are
qθ =
√
3
8
Qθ +
√
5
8
Qǫ,
qǫ =
√
3
8
Qθ −
√
5
8
Qǫ.
(5)
In the above equation, the indices g or u indicating the
parity and the indices µ distinguishing the frequencies are
omitted for simplicity. They are added when necessary
for the discussion.
B. Adiabatic potential energy surface
The model Hamiltonians for the ground electronic con-
figuration and the first excited configuration are the
same. Therefore, many electronic properties of the
ground and the first excited electronic configurations are
common too. The depth of the adiabatic potential energy
surface (APES) with respect to the reference structure is
given by63
Umin = −Ea − EJT
= − V
2
a
2ω2a
− V
2
h
2ω2h
, (6)
with
qa,0 = −Va
ω2a
, |qh,0| = Vh
ω2h
, (7)
where Ea and EJT are the first and the second terms
in the last expression in Eq. (6), respectively, and
qh is the list of qhγ . The APES has two-dimensional
continuous trough63, suggesting the presence of SO(3)
symmetry64,65.
C. Vibronic states
As in the case of the JT problem for the ground elec-
tronic configuration64–66, the vibronic angular momenta
Jˆ also exist in the first excited state1:
[Hˆh, Jˆ
2] = [Hˆh, Jˆz] = 0. (8)
Therefore, the eignestates of Hˆ (vibronic states) are ex-
pressed by J , MJ , and principal quantum number α,
Hˆh|αJMJ 〉 = EαJ |αJMJ 〉. (9)
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FIG. 1. The JT splitting of the NLUMO levels with respect
to qhg(8)ǫ deformation (in atomic unit). The black points
and gray lines indicate the DFT values and model energy,
respectively.
The analytical treatments of the vibronic states in the
strong limit of vibronic coupling11,16,31,63,64 and weak
coupling limit12 have been discussed much. Neverthe-
less, for the quantitative description of C60 ions, only
numerical approach can provide accurate description.
For numerical calculations, it is convenient to expand
the vibornic states as
|αJMJ 〉 =
∑
γ
∑
nh
|T1gγ〉 ⊗ |n〉Cγn;αJMJ . (10)
Here, nh = (nhθ, nhǫ, nhξ, nhη, nhζ) is the set of vibra-
tional quantum numbers of the Harmonic oscillation part
of Eq. (4). Such an expansion using the direct products
of the electronic states and the eigenstates of harmonic
oscillator has been developed long time ago67 and has
been routinely used to study dynamical JT problems in-
cluding fullerene anion11,15,16,25,29,32,64,68.
In the present calculations, the vibrational basis is
truncated as
0 ≤ nh(µ)γ ,
∑
µγ
nh(µ)γ ≤ 7, (11)
because the dimension of the Hamiltonian matrix rapidly
increases. To take account of the eight sets of hg modes
in real C60, µ is added in the condition. For the di-
agonalization of the vibronic Hamiltonian (4), Lanczos
algorithm was applied69.
III. RESULTS
A. Orbital vibronic coupling parameters
The orbital vibronic coupling parameters are defined
by the gradients of the t1g NLUMO level:
va =
∂ǫt1gz
∂qa
∣∣∣∣
q=0
, vh = −
∂ǫt1gz
∂qhθ
∣∣∣∣
q=0
, (12)
3TABLE I. The frequencies ωΓ (cm
−1), vibronic coupling parameters VΓ (10
−4 a.u.), dimensionless vibronic coupling parameters
gΓ = VΓ/
√
ℏω3Γ, and stabilization energies EΓ (meV) for the ag and hg modes. The data for LUMO are taken from Ref. 33
and the frequencies are taken from Ref. 70.
J NLUMO LUMO
Γ µ ωΓ VΓ gΓ EΓ VΓ gΓ EΓ
ag 1 496 −0.449 −0.418 5.38 −0.264 −0.245 1.849
2 1470 −2.480 −0.452 18.66 −2.380 −0.422 16.543
hg 1 273 −0.406 −0.926 14.50 0.192 0.455 3.415
2 437 −0.476 −0.536 7.78 0.450 0.503 6.886
3 710 −1.061 −0.577 14.64 0.754 0.396 7.069
4 774 −0.594 −0.284 3.86 0.554 0.259 3.256
5 1099 −0.498 −0.141 1.35 0.766 0.209 3.038
6 1250 −1.664 −0.387 11.61 0.578 0.132 1.360
7 1428 0.125 0.024 0.05 2.099 0.394 13.867
8 1575 −2.113 −0.348 11.79 2.043 0.326 10.592
where q is the set of all normal coordinates. In the
present case, the vibronic coupling parameters VΓ cor-
respond to the orbital vibronic coupling parameters vΓ:
VΓ = vΓ, (13)
in a good approximation because of the very small mixing
of the orbitals under JT deformation.
The vibronic coupling parameters are derived by fitting
the model potential to the gradients of NLUMO levels
calculated in Ref. 33. The calculations were done us-
ing DFT calculations with hybrid B3LYP functional, be-
cause, indicated by the previous studies, B3LYP could
give closer parameters to the experimental data34,68,
and has a good agreement wit GW approximation
calculations71. The derived coupling parameters are
listed in Table I, and one of the fittings are shown in
Fig. 1 (see for the others Supplemental Materials).
The stabilization energies in the first excited electron
configuration areEa = 24.04 and Eh = 65.58 meV, which
are by 30.7 % and 32.5% larger than the stabilization en-
ergies of ag and hg mode for the ground configuration,
respectively. Moreover, almost all the vibronic coupling
parameters for the h modes in the T1g state are oppo-
site compared with the case for the T1u state. The dif-
ference in sign indicates that the relative displacements
in the ground and excited electronic states are large,
and hence, the vibronic progression under the transition
2T1g ← 2T1u tends to be stronger than that under the
photoelectron spectra of C−60. This tendency is seen in
experimental absorption spectra of C−60
22,38 and photo-
electron spectra of C−60
72,73.
B. Vibronic states
The ground vibronic levels (termed by J=1) for the
T1u (LUMO) and T1g (NLUMO) electornic states are
−96.5 and −113.8 meV, respectively. Previous study
TABLE II. Contributions to the ground vibronic energy
(Etotal) of NLUMO and LUMO of C
−
60. Estatic, and Edynamic
represent the static JT and dynamic JT stabilization ener-
gies. Ratio refers the ratio between Estatic and Edynamic
(Edynamic/Estatic).
Orbital Etotal Estatic Edynamic Ratio
NLUMO −113.8 −65.6 −48.2 0.74
LUMO32 −96.46 −50.3 −46.2 0.92
shows that for LUMO, the contributions from the static
and the dynamic JT effect to the ground energy is al-
most the same32, but this is the not the same situa-
tion for NLUMO, as is shown in Table. II. The ratio
of the dynamical contribution to the static contribution
is smaller in NLUMO case than in LUMO case, which
is consistent11,16 with the stronger vibronic coupling in
NLUMO than in LUMO.
The low-energy vibronic levels are shown in Fig. 2
(see also Table. III) for NLUMO, and LUMO, and are
compared with the vibrational levels of neutral C60. For
easy comparision, the energies of ground states of LUMO,
NLUMO and the lowest vibrational state were shifted
to a same level (0 meV). The group of the first excited
vibronic levels (J = 3, 2, 1) split more in NLUMO than in
LUMO, as expected from the stronger vibronic coupling
in the former: The splitting of the former, 13.3 meV, is
about two times larger than that of LUMO (4.4 meV).
Such splitting may be observed as fine structure in e.g.
high-resolution absorption spectra of C−60.
IV. CONCLUSION
In this work, the vibronic states of the first excited C−60
were calculated based on the orbital vibronic coupling
parameters in the t1g orbital, which is compared with
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FIG. 2. Low-lying vibronic levels with respect to NLUMO
and LUMO of C−60. The numbers next to the energy levels
are J with the numbers in the parenthesis are the degeneracy.
that in t1u. The results for the t
1
1g configuration showed
much stronger dynamic JT stabilization than that for the
t−1u configuration, which induces greater splitting group
of the first excited vibronic states too. Combining the
present vibronic coupling constant and those from Ref.
74, it is possible to investigate the luminescence spectra75
involving t1g NLUMO.
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Supplement Material: Dynamical Jahn-Teller effect in the first excited C−60
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Supplemental Materials contain the JT splitting of the NLUMO levels with respect to qhǫ deformation.
I. JT SPLITTING OF THE NLUMO LEVELS
There are eight qhǫ deformation, which are distinguished by the subindex, as qh(1)ǫ corresponding to the first qhǫ
deformation. The splitting patten of the NLUMO levels with respect to qh(i)ǫ (i=1,2...8) deformation are shown in
Fig. 1, 2, 3, 4, 5, 6, 7, and 8, respectively.
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FIG. 1. The JT splitting of the NLUMO levels with respect to qhg(1)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
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FIG. 2. The JT splitting of the NLUMO levels with respect to qhg(2)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
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FIG. 3. The JT splitting of the NLUMO levels with respect to qhg(3)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
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FIG. 4. The JT splitting of the NLUMO levels with respect to qhg(4)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
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FIG. 5. The JT splitting of the NLUMO levels with respect to qhg(5)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
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FIG. 6. The JT splitting of the NLUMO levels with respect to qhg(6)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
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FIG. 7. The JT splitting of the NLUMO levels with respect to qhg(7)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respect
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FIG. 8. The JT splitting of the NLUMO levels with respect to qhg(8)ǫ deformation (in atomic unit). The black points and
gray lines indicate the DFT values and model energy, respectively.
